
56. 1 . 8 HELL-NESETIL THEOREN

HELL-NEETRIL THEOREN
Let B be a finite loopless indirected graph . Then,

EITHER B is Dipartite (i . e . admits a homomorphism to 2
OR #3 =HI (B).

↑#
structures homomorphically equivalent to structures pp-interpretable in B.

: B Dipartite => CSP(B) -> P
A

problem of whether an instance is biportite . reduce to connected components and

look for the(unique possible) biportition.

-HI(B)= > CSP(B) is NP-complete (COROLARY 3 . 7 · 1)

-

A DIAMOND is the groph
G is DIAMOND-FREE if it does not contain a copy of
a diamond as a week subyreph.

↑
opposed to induced subgroph .

2.. Ky is NOT diemond-free



LEMMA G . 8 . 2 Let B be a finite coopless groph which
is NOT bipartite . Then, HI(B) contains a finite-

diamond-free core groph containing a triangle
:
WLOG :

① B is of minimal size among topless non-bipartite gropts in H/(B)
.

otherwise
,
work with such minimal B'-HI(B) · Then ,

HI(B) &HI(B)

( by chop 3 stuff (
② B contains

a triangle.
Reall : bipartite if all cycles are even

seg K is length of shortest odd cycle in B
.

Take (B ; EF-2) forE= E(, -) 1 7 n
. . .. -2

Ele
, 2) . . .

.EC-2,)
-

an ·+ a
- -

.-
G& &d o d& O-o

K nik21

The new groph Wes some of vertices as B and a triangle
Clearly still loopless



CLAIM1-B is a core

Otherwise Cove(B) has fewer vertiss and is still loopes non-bipartite.* Q

CLAIM2
-

: Every vertex of B is contained in a triangle
Otherwise looket subgroph of B induced on

A : = EEB 1 Fu
,
v (E(n ,n) 1 E(, v) 1 E (n ,v))]

In
Fr

8↓·
L

In tri Case IA/ < /BI and A is still loopless non-bipartite . * Q

CLAIM 3-i B doesNOT contain a copy of 4
-

Otherwise there is some

2. in B
.

Look at subgreph of B induced on A = En+B/E(a, n)]
- IAIIBI since a A

· A -HI(B) by Prop 3 . 6 . 3 since B is a core ((B) CHI (B)

( So A - IC(B) [ HI(B)

↑
expond C



CLIM 4 : B is DIAMOND-FREE
--

Let R (a
, y) : = 7 n, v (E(x,n) 1 E(x, v) 1 E(n , v) 1 E(n , y) 1 E(v , y()]

zo
Ch & > I Note R is SYMMETCIS
=i · Reflexive (every vertex is in a triege by

CAIM3

Let T be the transitive closure of R .

So
,
T is an equivalence relation on B

.

Since B is finite, for some m
,

Sm(x
, y) : = F x . .. m ..

(R(a
,
a , ) 1 .. 1 R (am-1 / Y)

defines To

AM4.1 % B/T is LOOPLESS

NTS TRE =0 (i . e .

we are not identifyingvs with
on edge and making a loop)

Proof by controduction

Let ( ,b) TE be s .
t. Sn(2

, b) for n minimol
.

so 700
... an S .

t. R(ai
, ai+i) in B

d ↳

-We have the 1 xk+/ Un- 1
O D &

~
· X - % b0 O & &

following picture : a 1.
-

800
s

O al Ak 0 ak+ 1 an-1 ⑧

V
,

Vk+ 1 Vn -1



·>1 : Otherwise we would have & b .

so a copy of Kn in By

·suppose n =2 K. Let

s = [at B /7 xix E(UK/ 1) 1 ELUH , (1) 1SC , 2) AECX , D)
nk+ 1
&

...- ⑳

· 2
b+ 2

Vk+ 1
-

n xk+1 un-1n AD

K-1 many diamonds

e MoNow, %.. %.. % < 000]O
0 O & & &on is a tringle ins . % · X I

Vn -1

a a d
⑧

0 ⑧

so induced subgraph is not bipartite .

UK+ ·
-

&,
a

.o *
on

· anS : bk+ &-... *-UK+1 * -

- ② an -- ② an

A - A %o -

..
↑& -

C

&. ... To ...↑

I I
K 9k- 1

G a 0
K G 20

this would give Sn-1 (20 , an) controducting minimality.
So SHI(B) isloopless non-biportate with 151 < /BI #.
·For n = 2 +1

,
a similar agement gives a controduction

Letim 9 . 1



So
, BITEHI(B) is loopless

B has a triangle abc] => B/T has a tringle 22/ +, b/T , CIT] .

Since B is of minina size loopless non-bipartite, T is trivie.

so B is diamond-free

LEMMA G . 8 . 4 Let B be a diamond-free loopless graph
Let h : (3) -> B be a homomorphism . Then,
there is some 11 * s .t. 1mhE(3)?
of : Maybe later



LEMMA 6. % . 5 Let B be a finite diamond-free loopless graph

containing a triangle .
Then, B pp-interprets (3)

* with parameters for some
.

f : Proof by CONTRADICTION .

We construct increasing G1 G2 C - - subgraphs of B s
.

t.
+ +

Gi = (3) i
.

Since B is finite , we must eventually get a controduction.

BC : G1 is the triagle in B

:by uptionGii pp-defindo inB with porntse

f(v... vr) # G : ①

so FIE gives a homomorphism (kz)ki ok- B .

By LEMMA 60804
,
Git := f((Gi)*) induces a copy of (3)

# i

+.

of i idempotent+ Gi Git
*

E



HELL-NEETRIL THEOREN
Let B be a finite loopless indirected graph . Then,

EITHER B is Dipartite (i . e . admits a homomorphism to 2
OR #3 =HI (B).

: Soy B is finite topless non-bipartite.

By Comme 6 . 8
.
2 -H/(B) a dimond-free core with

a triage .

By Lomm 6. 2 . 5 (3)
*

I <(A) & HICA)
R sine A is a core

K3 ad (y) * are homan equivalent . So

3 -H (3) CHICA) & HI (B) ·
D



EXTRA (If we had time)

Let I =E i
, ...

im3 E1, ...93 il ... im.

T is twe function
(x1,..., 2k) (ci), ...g kim)

=

For a map hiA -> B , Kerh is the equiva lence relation on A where

Korh(a
,
all iff h(a) = h(x).

LEMMA G . % . 4 Let B be a diamond-free loopless graph
and h : (3) *- B be a homomorphism.
Theng there is I & E, . .., 3 s

.

f.

② I has the same kernel os T

⑥ 1mh = (kz)!

Let I E 1, ..,3 be maximal sit Kerker .

I exists since Karthy is the total relation on (3).

② Ker = Ker : NTS > +El
, ..., 3) I and z, . ... j [0 , 1, 2]

h(z. . . . =J ... ) = h(z ,..., j , . . .,Zu)

↑
the tuples are related by NOV



By MAXImaLty of I 7 , y + (3)
*
s

.

t. h(a) = h(y) > + 9)

WLOG Choose >> and j = > and assume J K .

-I
& Any two vertices in (3) have a common neighbour
2 . % for K= 3 Col 2)= (1 , 2, 0)
· V := common nhour of and (z,) = (z . ... n +, n)

Since K = Zk
&
nu = z'z

% r => r and (, ) are aderent
·

· For < Let Si Vi g Yi 3 .

* EU
,
3 => (SXH) is a common nhour of rard y

· (r,) is a common nhour of and (s+

· For i < k let ti zi,: .E , & so

t is a common nhour of (, ) , (, 2) and (V, z)
&
V

·
(z ,zk)

x o

(vzx) · (z, zk)
&

y &

· (SXK) t



Q O Applying U we know h(x) = h(g)2
·
L

·
(z, zk) hc]

x o &
V

·
N(z,+ )

C

&
hC h(vzx) · h(z, zk)

y

(vzx)

&

· (z, zk) I &

& (S Xk) t
· h(SXk)

·

ht

4③ O
Cr

·
N(z,+ ) h(x)=h(y) h(r) = h(rzk)

C & &hC!

I &

->
0

· h(zzn)
h(y) h(vzx) · h(z, zk) · h(z,zk)

* · h(SXk)
·

ht - ·

h() t ↑ But now
this is a DIAMONI ! B is

dismond
this is a>

free

O Diamond I
5

↑

h(x) =h(y) h(r) = h(rzk)
& · h(zzz)=h(zzn)

⑳ L

↑
·

h(SX) ht
This is what weavented!

this completes the proof of Korh =Ker



⑥ 1mnE(kz)=
We just prove toht is an isomorphism B -> z]
-> Well defined since they have some kernel

- to prove this is on Bomorphism we prove similar tricks

as the immediately proceding argument . A


